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Numerical Studies of Transient Opposed-Flow Flames
using Adaptive Time Integration

Hong Geun 1m*
(Sandia National Laboratories Livermore, USA)

Numerical simulations of unsteady opposed-flow flames are performed using an adaptive time
integration method designed for differential-algebraic systems. The compressibility effect is
considered in deriving the system of equations, such that the numerical difficulties associated
with a high-index system are alleviated. The numerical method is implemented for systems with
detailed chemical mechanisms and transport properties by utilizing the Chemkin software. Two
test simulations are performeds hydrogen/air diffusion flames with an oscillatory strain rate and
transient ignition of methane against heated air. Both results show that the rapid transient
behavior is successfully captured by the numerical method.
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Nomenclature ------------­
A : Amplitude of the nozzle exit velocity

oscillation
b-. lh : Grid refinement parameter
C : Grid refinement parameter
Cp : Mixture specific heat
Dkj : Multicomponent diffusion coefficient
De« : Binary diffusion coefficient
:J)jk : Mixture-averaged diffusion coefficient
DI : Thermal diffusion coefficient
f : Frequency of the nozzle exit velocity

oscillation
hk : Enthalpy of formation of the k-th

species
J : Total number of grid points
K : Total number of species
L : Nozzle separation
Ma : Mach number
P : Total pressure
Po : Thermodynamic pressure
p : Hydrodynamic pressure
r : Radial coordinate
T : Temperature
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t : Time
u : Axial velocity
Uc : Characteristic velocity

V : vir
v : Radial velocity
X« : Mole fraction of the k-th species
x : Axial coordinate
tV : Average molecular weight
Wk : Molecular weight of the k-th species
Yk : Mass fraction of the k-th species
Z : Elemental mass fraction

Greek Symbols
Llx : Grid spacing
p : Density

A : Pressure eigenvalue «l/r) (ap!ar»
A : Mixture thermal conductivity
fJ. : Mixture molecular viscosity
TJ : Transformed coordinate defined in Eq.

(27)

X : Scalar dissipation rate
r/J : Substitute function defined as dr/J/dt =

A(t)

(J : Numerical damping factor
t; : Mixture fraction defined in Eq. (30)
Wk : Molar reaction rate for the k-th species

Subscripts
F : Fuel side boundary (x=O)



104 Hong Geun 1m

] : Grid point at x=L
o : Oxidizer side boundary (x=L)

1. Introduction

The opposed-flow geometry serves as a conve­

nient configuration to study the effects of flow
straining on the behavior of laminar flames, and

provides useful fundamental characteristics that
represent turbulent combustion in the laminar

flamelet regime. By adopting a similarity coordi­

nate, the mathematical system can be reduced into
a set of one-dimensional equations, hence

facilitating computational and analytic studies.
Furthermore, an experimental apparatus can be

easily setup, allowing for direct quantitative
comparison between model predictions and mea­

sured data. Therefore, the opposed-flow flames
have been extensively studied as a canonical
system for understanding flame structures (Lee et
al., 1995) and validating various chemical
kinetics and transport models.

As understanding of steady laminar flames has
improved, the effects of flow unsteadiness has

recently attracted more attention for its relevance
in turbulent combustion which exhibits a wide
spectrum of length and time scales. However,
robust numerical integration of fast transient

combustion processes with spatial/temporal stiff­
ness is difficult due to the associated compressible
gas dynamic behavior. From a mathematical
standpoint, the standard opposed-flow formula­

tion with a constant pressure approximation
results in a system of high-index differential­
algebraic equations (DAE's). Thus, time integra­

tion with rigorous error and time-step control
can be numerically unstable during the periods of

rapid change in the solution (Brenan et ai., 1996 ;
Ascher and Petzold, 1998). Moreover, for prob­
lems with rapid transients such as ignition,
adaptive time-step control is needed for efficient
time-integration without sacrificing the overall

accuracy of the solution.
In this study, a new unsteady opposed-flow

founulation is developed and tested under various
transient problems. The code is based on the
steady counterpart. OPPD1F(Lutz et al.. 1996),

replacing Twopnt (Grear, 1992), the steady

Newton solver, with DASSL (Petzold, 1982), a
solution package for a DAE system. Chemkin

(Kee et al., 1991) and Transport(Kee et al.,
1986) interfaces are used to determine chemical
reaction rates and transport properties. DASSL

incorporates a variable-order, variable-step back­
ward differentiation formula (BDF) to solve

general index-I DAE's, thereby facilitating a
robust time integration of stiff transient problems.

In addition to this, the mathematical formulation

is also modified to alleviate numerical difficulty
associated with the high-index nature of the DAE
system.

In the next section, the incompressible flow

formulation is first described following the formu­
lations used in the steady opposed-flow prob­
lems, and the numerical difficulty of the high­

index system is discussed. A modified, compress­
ible formulation is then derived by partially relax­
ing the boundary layer approximation. Methods

for index reduction are also discussed. Subse­
quently, the capability of the code is demonstrat­
ed by the results of oscillatory diffusion flames

and transient ignition problems.

2. Incompressible-Flow Formulation:
High-Index DAE's

Figure I shows a schematic of the system con­
figuration. Two opposing axisymmetric nozzles
are separated by a distance of L. Fuel and oxi­

dizer are supplied at x=O and x=L. respective­
ly, thereby forming a diffusion flame in the vicin­

ity of the stagnation plane. To capture the un­
steady flame response, the grid is refined so that

the fine grid structure is mapped over the range of
the reaction zone movement.

The governing equations for the unsteady
opposed-flow geometry follows the formulation

by Kee et al. (1988) derived for the finite-dis­
tance opposing nozzles. The earlier conventional
potential-flow formulation (Schlichting, 1979)

has only one parameter the strain rate. In con­
trast, the present formulation introduces an extra

degree of freedom such that the velocities at both
nozzle exits are given and the strain rate is



Numerical Studies of Transient Opposed-Flow Flames using Adaptive Time Integration 105

where

(7)

(8)

is the eigenvalue of the system to be solved with
other dependent variables. To maintain the band­
ed structure of the iteration matrix, a trivial
equation

is added.
Other constitutive relations include the equa­

tion of state

• Species conservation:

Fig. 1 Schematic of the system configuration
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computed as a solution.
Assuming similarity near the centerline, the

axial velocity, radial velocity, temperature and
species mass fractions are given as functions of
time and the axial coordinate only:

u=u(t, z). v/r= V(t, z),

T= T(t, x), Yk= Yk(t, .r). (I)

For a system whose characteristic velocity scale is
much smaller than the speed of sound, L e. Ma=

uc/a4:.. I, the pressure, P, can be decomposed into
the thermodynamic (Po) and hydrodynamic (p)

components by an asymptotic expansion in Ma.
Furthermore, the boundary layer approximation

leads to ap/ax=o, such that:

P=Po(t)+p(t, r)+o(Ma2
) . (2)

where p/Po=0 (Ma2
) . Using the boundary layer

approximation in the axial direction, the conser­
vation equations become:

• Mass continuity:

and the diffusion velocity, Vk , is given by either
the multicomponent formulation

I K dX DT I dT
Vk =X W ~ WiD/<i dx) __y;k -T dx' (10)

k ;=1 p k

or the mixture-averaged formulation

TT I_D dX.k _ DI _I dT
Vk- X; km dx pYk T dx

I-Yko.; "£.1..kX/ :l)jk' (II)

where Dkj, Dkm, 1) jk and DI are the
multicomponent, binary, mixture-averaged, and
thermal diffusion coefficients, respectively. Also,
Xi is the mole fraction of species i, c, is the
specific heat of the mixture. f1. is the thermal
conductivity of the mixture, h« is the enthalpy of
formation. Wk is the molecular weight of species
k, and W is the mixture-averaged molecular
weight.

The above system of equations are subject to
the following boundary conditions:

ff-+ a~ i ou) +2pV=0,

• Radial momentum:

(3)

p=PW/RT (9)

( 12)
paa~ +pu~~ +p~--Ix(tL~~)+A=O,(4)

• Energy conservation:

sr sr a( aT) ~
pCPai+ PCpU ax -ax\,1 ax - at

X=O:U=UF(t), V=VF(t),

T=TF(t), Yk=(Yk)F(t),

x=L: u=uo(t), V= Vo(t),

T= Tstt), Yk= (Yk)o(t),

where subscripts F and 0 denote the fuel and
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x=[lt2, t; (Yk)2, "', Vi-I> ~-I> (Yk)1-1Y ,

y= [UI> ..•• Ufo AI> "', .111- 1> Vi. Vi, TI• t;
(Yk)1> (:y;')lY, (13)

z= [.111 ].

Then the DAE system of the present problem can
be written as:

Equation (14) reveals the distinction between
the two algebraic variables y and z. In this
problem, the Jacobian gy is nonsingular and all
the entries in yare index-I variables (Brenan et

al., 1996 ; Ascher and Petzold, (998). On the
other hand, the variable z, which represents AI'
has an index higher than two because the
Jacobian hxfzbecomes singular. This is due to the
fact that no explicit equation can be found to

• Mass continuity:

3. Compressible-Flow Formulation
with Index Reduction

and substituting the ap/at term in the continuity
Eq. (3) of the incompressible-flow formulation,
the conservation equations can be rewritten as
(Raja et al., 1998):

Mathematically, the system has a higher index
because A and U are not closely coupled due to
the boundary layer approximation. Physically,
the stiffness problem can be interpreted as fast
transients associated with rapid gas-dynamic
response, which cannot be properly captured by
completely eliminating the hydrodynamic pres­
sure from the system. That is, some spatial pres­
sure distribution must be considered in addition
to the indirect pressure effect represented by the
eigenvalue, A. A more direct coupling between A
and U can be achieved by relaxing the boundary
layer approximation and re-introducing the pres­
sure component. Similarity assumption is still
needed, however, to retain one-dimensional for­
mulation. Therefore, the pressure expression is
modified as:

solve for the eigenvalue, A (t); hence a boundary
condition such as U = Uo (t) is used for the alge­
braic equation 0=h (y). Consequently, numerical
integration of the high-index system, Eqs. (3)­
(6) and (8), encounters difficulties for stiff prob­
lems since DASSL is an index-I solver. These
difficulties are alleviated by modifying the formu­
lation as described in the next section.

such that p is introduced as an additional depen­
dent variable, where p/Po=o(Ma2) . The axial
momentum equation is also retrieved to solve for
the additional variable. By differentiating the
equation of state,(14)

c;: =f(x, y, z)

O=g(x, y)

O=h (y).

oxidizer streams, respectively. Note that, in the
present formulation of finite nozzle spacing, both
axial and radial velocities can be independently
prescribed at the boundary, although V =0 is the
most common choice for practical cases. Obvious­
ly, when the boundary temperatures are varied,
density and pressure must be adjusted to satisfy
the equation of state. Similarly, species mass frac­
tion variation must be done while satisfying the
equation of state and mass conservation, ~ Yk =

1. To avoid excessive complexity in prescribing
the boundary conditions, the present code is set
up such that only one variable, i. e. temperature
or one specific species, can be varied in time at
each boundary.

From a mathematical standpoint, Eqs. (3) - (6)
and (8), after a spatial discretization, are viewed
as a system of differential-algebraic equations

with a solution vector [Uj, Vj, r; (Yk ) j' Aj ] T,

where the subscript j denotes grid points that
range from I to J. In this case, u, and Aj (and the
boundary nodes for V, T and Y,J constitute the
algebraic variables due to the absence of auNt
and aA/at terms in the corresponding equations.
These dependent variables can be grouped into
three different kinds of solution vectors as fol­
lows:
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a
+ax(pu)+2pV=O, (17)

• Axial momentum:

au + au +~ 2 av 4~ au)I7t pUai ax - ttax-3ai\!-7X
4 a+3 ax (p V) =0, (18)

index-I system through the following procedure.
The algebraic Equation (22) is differentiated
once with respect to t to yield an equation for
aV;at, which is further substituted by d¢j dt via
the radial momentum equation.

4. Numerical Methods
• Radial momentum:

• Species conservation:

Numerical integration of the DAE system, Eqs.
(17)-(21), is performed using DASSL. Since
DASSL requires that the initial condition must
satisfy all the equations in the DAE system, a
fully converged steady solution field is used as the
initial condition. Due to the modified grid struc­
ture as described in the following, a modified
version of Oppdif is used to obtain the initial
condition.

To fit the modified formulation, a staggered
grid system is used as shown in Fig. 2. The grid
stencil and boundary conditions for individual
dependent variables are shown in separate col­
umns. All dependent variables are represented at
the control-volume center nodes, except the axial
velocity which is represented at the control-vol­
ume faces. The grid indices are shown on the left
and the face indices on the right. The right-facing
protuberance on the stencils indicates where the
time derivative is evaluated. For the pressure­
eigenvalue equation there is no time derivative,
which is indicated by an unfilled protuberance.

Spatial discretization uses finite differencing for
a non-uniform grid system. For the species,
energy, and radial momentum equations, a second
-order central differencing is used for the diffu­
sive terms, and either first-order upwind or sec­
ond-order central differencing is used for the
convective terms. The continuity equation is spa­
tially first order, using a central difference formu­
lation with u at the cell surfaces. The axial
momentum equation is second order in velocity
and first order in pressure, utilizing the staggered
-grid system.

Because the central differencing on the continu­
ity equation is only neutrally stable, an artificial
damping term is introduced to maintain numeri­
cal stability. A first-order damping term of the
form o'CLlx) (azpjax2

) is added in the continuity

(22)

(23)

I 2
PI+TPJuJ =constant.

!!J=AW

• Energy conservation:

with any arbitrary initial condition for ¢' since
only d¢/ dt appears in the system of equations.

In summary, Eqs, (17) - (21) have become an

In this new formulation, U at the interior nodes
(j = 2, ... , ] -I) are changed to differential vari­
ables. Furthermore, the boundary condition u =

uo is now used in the ] -th node of the axial
momentum equation, and the high-index alge­
braic equation for A is replaced by another condi­
tion. Since the pressure, p, is introduced as a new
dependent variable, a pressure boundary condi­
tion is also required. While there is no unique
way to identify a physical boundary condition,
we adopt the Bernoulli equation at the nozzle exit
at x-r L,

Note that, if Eq. (22) is used as the algebraic
equation for A, differentiating it twice yields a
differential equation form for A, recognizing the
relation between A and p via Eqs. (17) and (19).
Therefore, the index of A is reduced to 2. Further
index reduction can be achieved by a simple
substitution



108 Hong Geun 1m

x =L: f! =(f!)a T =To
J

j+I

j

j-I

1

1~"''''''''''''''''--I...01__...........--",-",,"...............r....'''...l
x=O: f.=(Y!)F T=TF

Fig. 2 Schematic of the grid configuration using a finite-volume, staggered-grid
spatial-difference stencil

equation, where a sufficiently small value for (J is
used to ensure that the solution is not affected.
From our experience, (J:::= 10-3 appears to be
acceptable without noticeably affecting the final
solution.

The unsteady calculation requires a fully­
converged steady solution as an initial condition.
To accommodate the transient response of the
reaction zone, an a priori grid refinement is
needed, as described in the following.

First, a grid redistribution is done with a
weighting function. Temperature is typically used
as the gauge variable and the grid redistribution
uses a transformation from the physical coordi­
nate x to a new coordinate 71,

The constant C is defined by the integration over
the entire domain:

where N is the total number of grid points.
Integrating over a portion of the domain gives an
expression for the locations in the 71-coordinate
space:

(26)

(27)

I l L

C= N-l 0 W(x, T)dx,

IiI71=1+ Co W(x, T)dx.

The new grid locations, .r, are obtained by inter­
polation between the computed values of 71
defined using the old mesh, onto a uniform mesh
in the 71-space. Since d71 is constant on this
uniform mesh, the solution of Eq. (24) states that

(24)dx
d71 W(x, T)=C

with the weighting function
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W (z'. T) . x is constant, and the new values of

x are concentrated where the weighting function

is large. The parameters, bl> b2 and C are adjusted

to produce a desired grid system.

time scale is commonly represented by the scalar

dissipation rate, defined as

(29)
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Fig. 5 Imposed axial velocity oscillation and the
response of scalar dissipation rate as a func­
tion of time for the unsteady hydrogen/air
diffusion flame subjected to oscillatory
strain rate

Fig. 4 Profiles of mole fraction of minor species for
the steady hydrogen/air diffusion flame
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where the substitute st denotes the stoichiometric

condition. The mixture fraction, 1;, is defined as a

linear combination of the elemental mass frac­

tions, Zc, ZH and Zo (Bilger, 1988) :

I; 2Zc!We+I/2ZH/WH+(Zo,o-Zo)/Wo (30)
2Zc!We+1/2ZH,F / WH+ Zo,o/ Wi> '

where the subscripts F and 0 respectively denote

the fuel and oxidizer streams, and We, WH and Wo
are the molecular weights of C, Hand 0 atoms,

respectively. Note that Zc=O for the hydrogen/air

system due to the absence of carbon atoms.

Figure 5 shows the response of the scalar
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Fig. 3 Axial velocity and temperature profile for the
steady hydrogen/air diffusion flame

S. Results and Discussion

UF (t) =uo(t)= lOOx [I +A{1-cos (271ltl l], (28)

such that the velocity varies from 100 ern/sec to

100(1 +2A) ern/sec, at a frequency of f Hz. In

this calculation, A=O.l and 1=100 Hz.

Figure 3 shows the spatial profiles of axial

velocity and temperature for the steady diffusion

flame used as the initial condition for the un­

steady calculation. The refined grid system suc­

cessfully resolves the solution field with large

gradients. Figure 4 further shows the profiles of

the mole fraction of minor species.

In combustion problems, the characteristic flow

5.1 Oscillatory hydrogen/air diffusion
flames

We first present the results for a hydrogen/air

diffusion flame subjected to an oscillatory strain

rate. First, a steady diffusion flame is solved for

the boundary conditions of UF= us> 100 ern/sec,

TF= To=300K. The species boundary conditions

are XHz=O.5, X Nz=0.5 at x=O and Xoz=O.21,
XNz=0.79 at x=L. Pressure Po is assigned a
constant value of I atm. The reaction mechanism

by Yetter et al. (1991) is used. Once the steady

condition is obtained, the unsteady solution is

computed using the time-dependent boundary

condition for the axial velocity:



110

1875

T "1\ I

I I ,
1870 \ I

I ,
\ ,
I ,

111115 I I

g
...- , I

1880
, I

I I

I I

I I I

,ess I ,,'
I
I

1850
0 0.01 0.02 0.03 0.0'

Time [lMIC)

Hong Geun Im

2500

0.0158

2000

J
1500

g
0.0152 ...

1000

0.8

A:t.1.0m.
8:t.3.1 ...
C:t.3.13IIM 0.03
0: t. 3.811 1M
E: t. 3.SlIO me
F:t_S.21M

0.01

Fig. 6 Unsteady response of the flame temperature
and the maximum mole fraction of H atom
as a function of time for the unsteady hydro­
gen/air diffusion flame subjected to oscil­
latory strain rate

Fig. 7 Evolution of temperature and OH profiles
during ignition for Uo= 1 m/sec or xs. =7.06
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Transient evolution of the spatial maximum
temperature, OH and HCO mole fractions for
Uo= I rn/sec or xs, = 7.06

dissipation rate to the oscillatory nozzle velocity.
It is shown that at f = 100Hz, the scalar dissipa­

tion rate shows a small phase delay compared to
the imposed velocity fluctuation. The response of
maximum flame temperature and maximum H
mole fraction is shown in Fig. 6. Comparing with

Fig. 5, the maximum temperature decreases and H
atom concentration increases for higher scalar
dissipation rates, implying an increase in the the
degree of incomplete combustion.
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5.2 Ignition of methane versus heated air
Next, we consider the ignition problem in a

pure methane against hot air under constant pre­
ignition strain rates, using ORI v!. 2 (Frenklach
et al., 1995) as the chemical mechanism. The

nozzle separation is fixed at I em and the pressure
is at I atm. The fuel-side temperature is held at
300K and the hot-air temperature is at 1400K,

which is the main ignition heat source. Under this
condition, the steady ignition limit is found to be

at Xst = 17.3s-1
, which occurs at Uo= UL=2.2 mis,

where Xst is the scalar dissipation rate defined
in Eq. (29). It has been shown that Xst better
represents the flow residence time scale than the
strain rate in unsteady flows with fast time scales
(Im et al., 1999). For each transient calculation,

a steady solution is obtained with identical
boundary conditions by suppressing all reaction

rates. This solution is then used as the initial
condition. The effects of strain rates on ignition

are studied by computing solutions for

various values of Xst in ignitable states (Xst< 17.3).
Figure 7 illustrates a typical evolution of tem­

perature and OH profiles through the ignition

event. During a very short period of time (8 to
E), the ignition kernel develops and propagates

into the location at which the diffusion flame is
established. The temporal evolution of the spatial
maximum values for temperature and a few inter­

mediate species are further shown in Fig. 8. The
temporal change of some minor intermediates,

such as HCO, exhibits a fast transient response.
The adaptive, stiff time integrator employed in
this study permits large time steps throughout

most of the calculation, while accurately captur­
ing the abrupt transients when necessary.

From Fig. 8, the ignition delay can be defined

as the time at which the steep temperature rise
occurs. The variation of ignition delay for a range
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6. Conclusions
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